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Abstract. Starting from an intrinsic geometric characterization of de Sitter timelike
and lightlike geodesics we give a new description of the conserved quantities associated
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1. Introduction
Since the first pioneering observations of the luminosity-red shift relation of distant
type Ia supernovae [1, 2, 3, 4] it is by now accepted as an established fact that the
expansion of the universe is accelerated. This circumstance could be interpreted by
saying that there exists some kind of agent, dubbed dark energy, which exerts an overall
repulsive effect on ordinary matter (both visible and dark). This repulsion has long
since overcome the mutual attraction of the various parts of the latter, thereby being
responsible for the present accelerated expansion. The nature of dark energy is to date
entirely mysterious. The only facts we know with reasonable certainty are that dark
energy contributes today in the amount of about 73 % (the exact figure depending on
the cosmological model adopted) to the total energy content of the universe, and that
its spatial distribution is compatible with perfect uniformity.
The simplest possible explanation for dark energy which can be put forward is to
assume that it is just a universal constant, the so called cosmological constant, denoted
Λ. If we espouse this point of view, this would mean that the background arena for all
natural phenomena, once all physical matter-energy has been ideally removed, is not
the familiar flat Minkowski spacetime M(1,3). Instead, that it consists of the maximally
symmetric de Sitter spacetime dS4 whose radius R is related to Λ by the equation
R =
√
3/Λ. The actual value of Λ is extremely small in astrophysical and also in
galactic terms (Λ ≃ 10−56cm−2), so that cosmic expansion has no significant effect
say on the structure of a typical galaxy, such structure being essentially controlled by
the material (in all its forms) composing the galaxy itself, by the mutual gravitational
attraction of the galaxy’s parts and by the galaxy’s angular momentum. On the other
hand, Λ has an essential effect on the distribution of matter on large cosmic scales,
such as on the structure of the cobweb pattern of filaments and voids characterizing the
arrangements of galaxies and galaxy clusters in the universe.
It is not our purpose here to deal with the by now longstanding problem of the
nature of dark energy and of why the dark energy content of the universe is, at
the present epoch, comparable with the universe’s ordinary matter content. See e.g.
the reviews [5, 6, 7]. Instead, we adhere to the simple working hypothesis that the
cosmological constant is a true universal constant, just like such are the speed of light
and Planck constant, say.
In the approximation in which the effects of gravitation on the geometry of
spacetime can, at least locally, be neglected, the presence of a cosmological constant
would naturally lead to the problem of the formulation of the theory of special relativity
in presence of a universal residual constant background curvature, namely of a de Sitter
relativity in place of the customary flat Minkowski one. Then, the symmetry group of
the theory would be the de Sitter group SO(1, 4) (the Lorentz group in five dimensions)
instead of the Poincare´ group, which is the contraction [8] of the latter arising in the limit
Λ → 0. A considerable amount of work has already been performed in this direction,
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both in the classical [9, 10, 11, 12, 13, 14, 15, 16] as well as in the quantum domain
[17, 18, 19, 20, 21, 22]. However, to our knowledge, at an elementary level a systematic
treatment of particle kinematics and dynamics in de Sitter spacetime still lacks.
In this paper we contribute to fill this gap by providing a description of the
free motion of classical particles and of particle collisions in terms of an intrinsic
characterization of the associated conservation laws. We adhere, of course, to the
geodesic hypothesis [23]: the worldline of a free particle is a geodesic in spacetime. In
the de Sitter universe timelike and lightlike geodesics can be fully and economically
characterized by using the closest analogue to Minkowski momentum space that is
available: this is the lightcone of the five-dimensional Minkowski space M(1,4) in
which the de Sitter universe can be represented as an embedded four-dimensional one-
sheeted hyperboloid. The relevant conserved quantities associated with free motion can
themselves be expressed in terms of the same lightlike five-vectors, as we do here. Then,
it turns out that, in a given particle collision, the conservation of energy and momentum
of ingoing and outgoing particles at the collision point can be expressed in terms of the
corresponding one particle conserved quantities before and after the collision.
The structure of the paper is as follows. In Section 2 we first recall the expression
of the generators of the de Sitter symmetry group in terms of the flat coordinates of the
five-dimensional ambient Minkowski space. Then, by using Noether theorem applied
to the invariant action of a free massive particle we derive the set of the associated
conserved quantities K. Of such conserved quantities we give two different intrinsic
characterizations. One in terms of the two lightlike vectors ξ and η ofM(1,4) that uniquely
identify the given timelike geodesic. The other one in terms of either one of such vectors
and of a given point of the geodesic. These characterizations are independent of the
choice of any particular coordinate patch on the de Sitter manifold dS4. We also find
the corresponding formulae for lightlike geodesics.
In Section 3 we describe particle collisions and decays in terms of the conserved
quantities introduced earlier. Precisely, we re-express the conservation of the total
energy-momentum at the point of a collision as a conservation law for the total invariants
K. In particular, the conservation equations can be given a perspicuous expression which
involves explicitly the collision point. The conservation of the invariants K allows us to
relate the values of the energy and momentum at the point of collision to their values
at any observation point. We do this by providing an explicit formula, valid both for
massive and massless particles, which indeed relates the energy-momentum vector at
two arbitrary points on the geodesic. In particular, this formula applied to photons
yields the well-known frequency redshift relation.
Section 4 is devoted to the definition of the energy of a free particle, both massive
and massless, by comparison of the corresponding geodesic to the reference geodesic
associated with a localized observer. This definition is itself intrinsic and does not
make reference to any particular coordinate patch. However, we also give the explicit
expression of the energy in terms of some specific coordinate choices on the de Sitter
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manifold: flat, spherical and static coordinates, the first two having cosmological
significance, the third chosen for its relevance in black hole physics. To our knowledge,
this definition of the energy of a de Sitter particle first appeared in [16]; it was introduced
there in yet another set of coordinates, the stereographic ones. The value and the
novelty of our approach resides in the fact that we have given to the definition of energy
a coordinate independent meaning.
Section 5 is devoted to a possible definition of particle momentum. While the
definition of energy is intrinsic, being purely related to a reference geodesic, any possible
definition of momentum is unavoidably linked to a choice of a coordinate system.
Nevertheless, we examine reasonable expressions of momenta corresponding to different
choices of coordinates. The consistency of these definitions is set in evidence by the fact
that in the flat Minkowski limit all these choices converge to the correct flat momenta
expression.
We end with several concluding remarks.
2. Conservation laws for de Sitter motion.
In what follows we will present our results by making reference to the (physical) four-
dimensional de Sitter spacetime. However, as it will be evident from the discussion, our
formulae are completely general and valid in any dimension just by replacing 4 by d
(and 5 by d+ 1).
The 4-dimensional de Sitter spacetime dS4 can be realized as the one-sheeted
hyperboloid with equation
dS4 = {X ∈ M(1,4), X2 = X ·X = ηABXAXB = −R2} (1)
embedded in the 5-dimensional Minkowski spacetime M(1,4) where a Lorentzian
coordinate system has been chosen: X = XAǫA and whose metric is given by
ηAB = diag{1,−1,−1,−1,−1} in any Lorentzian frame. The geometry of the de
Sitter spacetime is induced by restriction of the metric of the ambient spacetime to
the manifold:
ds2 = (ηABdX
AdXB)
∣∣
dS4
. (2)
This is the maximally symmetric solution of the cosmological Einstein equations in
vacuo provided that R =
√
3/Λ, with Λ > 0. The corresponding isometry group (the
relativity group of dS4) is SO(1, 4), i.e. the Lorentz group of the ambient spacetime
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M
(1,4) which is generated by the following ten Killing vector fields+
LAB =
(
XA
∂
∂XB
−XB ∂
∂XA
)∣∣∣∣
dS4
. (3)
Since the group acts transitively on the manifold dS4 it is useful to select a reference
point (the origin) in dS4 as follows:
X0 = (0, 0, 0, 0, R). (4)
Now consider a classical massive particle on the de Sitter universe. The usual action
for geodesical (free) motion can be written by using the coordinates of the ambient five-
dimensional spacetime as follows:
S = −mc
∫ [
(V 2)
1
2 + a(X2 +R2)
]
dλ ; (5)
here λ→ X(λ) is a parameterized timelike curve subject to the constraint X2(λ) = −R2
as enforced by the Lagrange multiplier a; V A(λ) = dXA/dλ is the corresponding velocity.
V A(λ) is tangent to the curve X(λ) and therefore orthogonal to the vector X(λ) (in
the ambient space sense). The condition of tangentiality X · V = 0 has to be imposed
also on the initial conditions when solving the equations of motion. Consider now the
generic infinitesimal isometry of dS4
XA 7−→ XA + ωABXB , (6)
where ωAB are antisymmetric infinitesimal parameters. The action is invariant under (6)
and using Noether theorem we find ten quantities that are conserved along the timelike
geodesics:
KAB =
m(XAVB −XBVA)
R
√
V 2
=
m
R
(XAWB −XBWA) =
=
1
R
(XAΠB −XBΠA); (7)
WA = dXA/dτ is the Minkowskian five-velocity relative to the proper time dτ = ds/c
and ΠA = mdX
A
dτ
the corresponding Minkowskian five-momentum. Of these ten
quantities only six are independent. Indeed, in order to specify a geodesic completely
one must for example assign the proper initial conditions, namely the initial point on
dS4 and the initial velocity (at τ = 0, say). We note that the quantities (7) are of course
defined also along particle trajectories which are not geodesics. However, in this case
not all of them (if any) will be constants of the motion.
+ The restriction of these operators to the de Sitter manifold is well-defined. This can be shown by
introducing the projection operator h and the tangential derivative D as follows:
hAB = ηAB +
XAXB
R2
, DA = hAB∂B = ∂
A +
XA
R2
X · ∂.
It follows that
LAB = XA∂B −XB∂A = XADB −XBDA .
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We now derive two alternative intrinsic characterizations of the conserved quantities
KAB which are independent on the choice of any particular coordinate patch on dS4. We
do this by exploiting an elementary way to describe the de Sitter timelike geodesics: in
complete analogy with the great circles of a sphere that are constructed by intersecting
the sphere with planes containing its center, the de Sitter timelike geodesics can be
obtained as intersections between dS4 and two-planes containing the origin of M
(1,4)
and having three independent spacelike normals. Each such two-plane also intersects
the forward lightcone in M(1,4) (the asymptotic cone)
C+ = {X ∈M(1,4), X2 = 0, X0 > 0} , (8)
along two of its generatrices. Any two future directed null vectors ξ and η lying on
such generatrices (see figure) can be used to parameterize the corresponding geodesic in
terms of the proper time as follows [22]:
X(τ) = R
ξ e
cτ
R − η e− cτR√
2ξ · η . (9)
Figure 1. Construction of a timelike geodesic of the de Sitter manifold. The
asymptotic future lightcone of the ambient spacetime; the vectors ξ, η belonging to
C+ play the role of momentum directions.
Then, by inserting (9) into (7) we find that the conserved quantities have a very
simple expression, homogeneous of degree zero, in the components of the vectors ξ and
η:
KAB = mc
ξAηB − ηAξB
ξ · η . (10)
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These numbers also coincide with the components of the two-form∗
K = K(ξ,η) = mc
ξ ∧ η
ξ · η , (11)
in the frame {ǫA} that has been chosen in the ambient space. We normalize the
dimensionless vectors ξ and η according with
ξ · η = 2m
2
k2
, (12)
where k is a constant with the dimensions of a mass whose value can be fixed according
to the specific convenience. With this normalization, formulas (9), (10) and (11) write
respectively
X(τ) =
kR
2m
(
ξe
cτ
R − ηe− cτR ) , (13)
KAB =
k2c
2m
(ξAηB − ξBηA) , K(ξ,η) = k
2c
2m
(ξ ∧ η) . (14)
The replacements ξ −→ µξ, η −→ µ−1η (µ > 0), do not alter (12). As (13) shows, they
do however shift the origin of the τ variable. Therefore, the normalizations of ξ and η
are fixed separately by equation (12) (in which a given choice has been made for the
positive constant k) and by selecting the point on the geodesic corresponding to zero
proper time. With these qualifications it turns out that the pair (ξ, η) depends on six
independent parameters. Then (14) shows once more that only six of the ten constants
of motion KAB are independent (in the appendix we illustrate this fact with an explicit
example).
Formula (11) (or equivalently formula (14)) provides our first intrinsic
characterizations of the constants KAB. The second characterization that we display
brings about an arbitrary fixed point X(τ) on the geodesics. Indeed, from (13) one has
the relation
η = ξ − 2m
kR
X¯ , (15)
where X¯ = X(0), which allows to rewrite the geodesic (13) in the alternative form
X(τ) = X¯e−
cτ
R +
kRξ
m
sinh
cτ
R
. (16)
Inserting (15) into (14) and using (16) gives
KAB =
kc
R
(XA(0)ξB −XB(0)ξA) = kc
R
e
cτ
R (XA(τ)ξB −XB(τ)ξA) . (17)
As before, we can introduce the tensor
K = Kξ,X =
kc
R
e
cτ
R (X(τ) ∧ ξ) . (18)
The normalization (12) and Eq. (15) imply
ξ · X¯ = −Rm
k
. (19)
∗ ξ and η denote here the covariant one-forms associated to the null vectors; we use the same symbol
for a vector and its dual.
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The tensor K, in its two alternative expressions (11) and (18) will play an important
role in the following.
To perform the massless limit we set
m = kǫ, τ =
σ
c
ǫ (20)
and let ǫ −→ 0 in Eqs. (16) and (19), thus obtaining the parametrization of a lightlike
geodesic:
X(σ) = X¯ + ξσ with ξ · X¯ = 0 (21)
where σ is an affine parameter. Therefore, a lightlike geodesic is characterized by one
lightlike vector which is parallel to the geodesic and by the choice of an initial event
that uniquely selects the particular geodesic among the infinitely many pointing in that
direction. The conserved quantities are still given by formula (17)
K˜AB =
kc
R
(XA(0)ξB −XB(0)ξA) = 1
R
(XAΠB −XBΠA) , (22)
where ΠA = kcdX
A
dσ
is the Minkowskian five-momentum of the zero mass particle. There
is of course no analogue of formulas (11) and (14) because ξ and η coincide in the massless
limit. An alternative standard way to arrive at formulas (22) starts from rewriting the
action for a massive particle in the first order formalism:
S[e, γ] =
k
2
∫
γ
[
1
e
V 2 + a(X2 +R2)
]
dλ+
1
2k
m2c2
∫
γ
edλ , (23)
where e is a function of λ and k is once more a constant with the dimensions of a mass.
The equations of motion are obtained by varying the action with respect to e and to
the curve γ. The action for massless particles is obtained by setting m = 0 in Eq. (23)
and the corresponding equations of motion are
V 2 = 0 ,
d
dλ
(
1
e
V A
)
= 0 . (24)
Introducing an affine parameter σ such that dσ = ce(λ)dλ, the general solution is (21).
The conserved quantities can be determined as before by means of Noether theorem,
giving (22).
2.1. Remarks on quantization.
The setup that we have just described can also be employed to provide a fresh look to de
Sitter quantum mechanics and field theory. Indeed, the variables on the cone in M(1,4)
that we have been using to describe the geodesics can be employed to parameterize the
phase space pertinent to elementary systems. Then one can invoke his favourite method,
like geometric quantization [24, 25] or the method of coadjoint orbits [26] to obtain a
quantum description of such elementary systems. In doing this, a substantial difference
will arise when quantization deals with massless particles and the method will fail to
provide a de Sitter covariant theory. This problem has been known for a long time and
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has fairly profound implications for cosmological structure formation (since it gives rise
to the scale invariant spectrum of inflation [27, 28, 29]) and for the dynamical restoration
of spontaneously broken continuous symmetries [30]. These effects are genuine quantum
phenomena and have no classical counterpart. We shall not investigate further geometric
quantization here and leave it for future work.
However, we can at least provide here an heuristic example of a connection between
the classical and quantum counterparts of a typical physical effect arising in the de
Sitter manifold. For simplicity, we discuss this in two dimensional de Sitter spacetime.
Specifically, consider a “rigid” (here one dimensional) box of length 2L containing
initially a uniform distribution of a large number of identical point particles of mass
m which are all at rest relative to the endpoints (walls) of the box. “Rigid” means
here that we assume the internal forces holding the box together to prevent it from
participating unhindered to the de Sitter expansion, so that a local geodesic observer
O comoving with the box sees that the spatial extension of the latter does not change
in time. In other words, the walls of the box are not receding away during the cosmic
expansion. In particular, if we assume the observer O to sit at the midpoint of the box,
the worldlines of the endpoints of the box will not be geodesics and the box itself will
shrink compared to the comoving spatial coordinates. As to “initially at rest” it means
that, at a given initial time, all the particles inside the box are assumed to move with
zero velocity in the comoving frame. Then, because of the expansion of the universe,
the observer O will see the particles move away from each others and eventually start
hitting the walls of the box, bounce back and collide with each other. By virialization,
the result is that (after a long time and in a nonrelativistic framework) they will reach
a thermodynamic equilibrium at a temperature Tc = H
2L2m/2.26k, where H is the
Hubble constant and k the Boltzmann constant (see appendix B).
Now consider a quantum scalar field in dS2, which we assume to be in its ground
state (the de Sitter vacuum [17, 31]). Due to the interaction with the spacetime
curvature the vacuum fluctuations generate real particles with a thermal spectrum at
temperature Tq = ~c/2πRk ([32, 19]). It seems reasonable to assume that the lightest
allowed mass (the dS mass) for such a field is the one corresponding to the Compton
wavelength of the order of the de Sitter radius R, giving m = mdS = h/Rc which would
correspond to a quantum temperature Tq = mdSc
2/4π2k ≃ mdsR2H2/k. This is of the
same order of magnitude of the classical temperature Tc = H
2R2mdS/2.26k calculated
before, for classical particles of massmdS in a box extending to the cosmological horizon.
This allows us to interpret the classical temperature Tc = H
2L2m/2.26k as a classical
analogue, in de Sitter spacetime, of the Hawking-Unruh effect.
We have derived the above analogy for a two dimensional de Sitter spacetime.
However, the above considerations can be easily extended to dS4 provided the classical
particles are taken to be rigid spheres of some small but nonzero radius.
In addition, the expression for Tc has been derived under the assumption that
the classical particles are non relativistic. Strictly speaking, this approximation is not
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justified. Indeed, since R ≃ 1028cm, the quantum de Sitter temperature Tq is of the
order of 10−29 oK, whereas the de Sitter mass mdS is of the order 10
−65g. Therefore, the
average velocity of our de Sitter particles at the de Sitter temperature is comparable
with the speed of light, so that they are highly relativistic. This fact can be readily
understood by noting that, as the walls of the box approach the cosmological horizon,
their speed relative to the comoving coordinates approaches c. Therefore, when the
first of the de Sitter particle hits the wall it bounces back with a highly relativistic
speed, which is then transmitted to the other dS particles through particle collisions and
further collisions with the walls themselves. Nonetheless, since we are only concerned
with orders of magnitude, we still claim that our crude estimates relating classical and
quantum de Sitter temperatures are justified.
Finally note that our effective vacuum particles can in some sense be viewed upon as
the lightest detectable particles in a de Sitter background. Indeed, in such a background
the largest uncertainty in position is ∆x ≃ R, whereas ∆p ≃ mc, so that the Heisenberg
principle givesm & h/Rc. It is not clear what this exactly means, though one may boldly
suggest that quantum effects in de Sitter forbid the existence of lighter particles. More
presumably, it may mean that the semiclassical description of lightest particles is too
na¨ıve and that strong quantum effects do come into play.
3. Collisions and decays.
We consider the collision of two ingoing particles which gives rise to the production of
a certain number of outgoing particles
b1 + b2 −→ c1 + c2 + . . .+ cN . (25)
The particles bi, with masses mi, are described by geodesic curves ending at the collision
point X¯, which is also the starting point of the N geodesics describing the outgoing
particles cf with masses m˜f . We assume the collision point to be the common zero of
the proper time of all particles involved in the process, namely X¯ = Xi(0) = Xf(0).
Denoting by (χi, ζi) and by (ξf , ηf) the pairs of normalized null vectors parameterizing
the ingoing and outgoing particles we have
ζi = χi − 2mi
kiR
X¯ , i = 1, 2 ; ηf = ξf − 2m˜f
kfR
X¯ , f = 1, 2, . . . , N ,(26)
and the quantities which are conserved along each geodesic are
Ki =
kic
R
X¯ ∧ χi , i = 1, 2 ; Kf = kfc
R
X¯ ∧ ξf , f = 1, 2, . . . , N . (27)
Solving the collision problem amounts to finding the outgoing vectors ξf given the
ingoing ones χi. At the collision point the total covariant energy-momentum four-vector
must be conserved:
πµ1 + π
µ
2 =
M∑
f=1
πµf . (28)
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Here we have introduced a local coordinate system xµ, µ = 0, 1, 2, 3, so that πµ = mdx
µ
dτ
(respectively, πµ = kcdx
µ
dσ
) for any given massive particle of timelike (respectively,
massless particle of lightlike) worldline xµ(τ) (respectively xµ(σ)) on dS4. In terms
of the embedding in M(1,4), at the collision point X¯ we have, for a given particle,
KAB|X=X¯ =
1
R
(
XA
∂XB
∂xµ
−XB ∂XA
∂xµ
)∣∣∣∣
x=x¯
πµ , (29)
where XA = XA(x
µ(τ)) or XA = XA(x
µ(σ)) depending on whether the particle is
massive or massless. By summing over all ingoing and outgoing particles and using (28)
we find the simple relation
K1 +K2 =
N∑
f=1
Kf . (30)
Similarly, for the decay b −→ c1 + c2 + . . .+ cN of a single particle
K =
N∑
f=1
Kf . (31)
Note that KABK
AB = −2m2c2. This relation replaces in dS4 the Minkowskian one
πµπ
µ = m2c2. Then, choosing the normalization constants ki and kf equal for all
particles, Eq.(27) allows us to write the conservation equations (30) and (31) respectively
as
(χ1 + χ2 −
N∑
f=1
ξf) ∧ X¯ = 0, (32)
(χ−
N∑
f=1
ξf) ∧ X¯ = 0 . (33)
Though equations (30) and (32) are equivalent to equation (28) they have the advantage
of being expressed in an intrinsic form. To further clarify their meaning it is interesting
to find the explicit expressions of the null vectors χi and ξf corresponding to a particular
choice of the collision event X¯ . For example, choosing X¯ = X0 equation (32) becomes
equivalent to
χµ1 + χ
µ
2 =
N∑
f=1
ξµf , µ = 0, 1, 2, 3 . (34)
From Eq. (26)
ζµ = χµ µ = 0, 1, 2, 3, and ζ4 = χ4 − 2m
k
(35)
(we have omitted the index i = 1, 2 for notational simplicity). Since χ and ζ are null
vectors, if m 6= 0 this relation implies χ4 = −ζ4 = m
k
. Therefore, we have
χ =
(
χ0, ~χ,
m
k
)
, ζ =
(
χ0, ~χ,−m
k
)
, (36)
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with
(χ0)2 − (~χ)2 = m
2
k2
. (37)
By using the parametrization (13) it follows that
m
dXµ
dτ
∣∣∣∣
τ=0
= kcχµ = qµ, m
dX4
dτ
∣∣∣∣
τ=0
= 0, (38)
with
q2 = (q0)2 − (~q)2 = m2c2 . (39)
In a small neighborhood of X0 in dS4 we choose local coordinates x
µ defined by
xµ = Xµ,µ = 0, 1, 2, 3. Since the plane X4 = R is tangent to dS4 at X0 we have
∂X0/∂x
µ|X0 = 0 so that, at X0, the metric of dS4, expressed in terms of the coordinates
xµ, is given by ds2|X0 = (ηABdXAdXB)|dS4,X0 = ηµνdxµdxν . Then the xµ are locally
Lorentzian at X0 and dX
µ/dτ |τ=0 = dxµ/dτ |τ=0 where xµ(τ) is the parametrization
of the geodesic at X0. Hence, equation (38) tells us that q
µ can be interpreted as the
components (in the chosen frame) of the Lorentzian four-momentum atX0 of the particle
moving along the geodesic xµ(τ). This interpretation applies to zero mass particles as
well.
Then, denoting by qµi and q˜
µ
f respectively the four-momenta at the collision point
X¯ = X0 of the incoming and outgoing particles relative to the coordinates x
µ we have
χi =
1
kc
(q0i , ~qi, mic) , i = 1, 2, (40)
and
ξf =
1
kc
(q˜0f , ~˜qf , m˜fc) , f = 1, 2, . . . , N (41)
and the conservation equation (34) becomes
qµ1 + q
µ
2 =
N∑
f=1
q˜µf (42)
expressing once more the equivalence of (32) to (28). Similar considerations apply to
the decay (31).
The expressions of the incoming and outgoing null vectors χi and ξf in the general
case, when the collision point X¯ is arbitrary, can be obtained by applying to (40) and
(41) an arbitrary five-dimensional Lorentz transformation.
In conclusion, it is worthwhile noting that since any Lorentzian manifold is locally
inertial, at the classical level the conservation laws in de Sitter point particle collisions
express nothing more than the usual total energy-momentum conservation in the
process, so that Λ plays no role here. The situation is drastically different in the quantum
case due essentially to the spread of wave packets. For example, in de Sitter particle
decay the decay amplitude depends on Λ and the presence of curvature allows in some
cases for a non-zero probability for an unstable particle of massm to decay into particles
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whose total mass is larger than m, a process which is strictly forbidden in Minkowski
spacetime due to energy-momentum conservation [20].
Finally, as regards the geodesic motion of a single particle, it is important to remark
that the explicit expressions
ξ =
1
kc
(q0, ~q,mc),
η =
1
kc
(q0, ~q,−mc), (43)
of the components of the pair of normalized null vectors ξ and η characterizing the
particle geodesic X(τ) when X¯ is chosen at the origin (4) as well as their corresponding
expressions for arbitrary X¯ , which are obtained by applying to (43) a suitable five-
dimensional Lorentz transformation, depend solely on the choice of X¯ and do not make
reference to any particular local coordinate system on dS4. Instead the introduction
of one such suitable system about X¯ is made necessary for the correct physical
interpretation of the components of ξ and η.
3.1. Detection
In a collision process any outgoing particle is not detected, and its properties measured,
at a collision point X¯ . Instead, the detection takes place at some other event far away
from X¯ . In particular, if we measure the energy and the momentum of the particle,
we need a formula which relates these quantities at the point of measurement to the
same quantities at the production point. To avoid being monotonous we illustrate the
procedure with a lively example. Consider the pp scattering
p+ p −→ p+ p+ a+ b+ c ,
and suppose that we are searching for an intermediate process
p+ p −→ p+ p+ Z −→ p+ p+ a+ b+ c , (44)
where Z is a massive particle decaying into the triple a, b, c with a very short lifetime,
so that it cannot be directly detected. Then, by (31)
KZ = Ka +Kb +Kc ,
so that
2K2Z := (KaAB +KbAB +KcAB)(K
AB
a +K
AB
b +K
AB
c ) = −2m2Zc2
must hold. Assume we look at a large number of such processes and that we are able
to measure experimentally KaAB, KbAB and KcAB in each individual process. Then,
plotting the number density of processes dn/dK as a function of the invariant mass
QZ :=
√
−K2Z , we should find a resonance at QZ = mZc. As a well-known example of
a reaction of the type (44) we may mention the process
p+ p −→ p+ p+ Z −→ p+ p+ π+ + π− + π0 ,
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where Z can either be one of the mesons η(547) or ω(782) or some broader resonance.
See e.g. ref.[33].
The experimental problem of measuring the quantities Ka, Kb, Kc could be tackled as
follows. To fix ideas, consider just one particle, which we suppose to detect at an event
whose local coordinates are xµ1 . Barring intrinsic indeterminacies the detection measures
the position xµ1 and the momentum π
µ
1 (τ1). Then KAB is determined by (29) as
KAB = KAB|x=x1 =
1
R
(
XA
∂XB
∂xµ
−XB ∂XA
∂xµ
)∣∣∣∣
x=x1
πµ(τ1) . (45)
This formula can be used to relate the covariant momentum at the point of measurement
to the one at the collision point. Indeed, if xµ0 are the local coordinates of the collision
event and πµ(0) the covariant momentum of the particle at the same point, then
KAB|x=x1 =
1
R
(
XA
∂XB
∂xµ
−XB ∂XA
∂xµ
)∣∣∣∣
x=x0
πµ(0) . (46)
By multiplying both sides of this equation by
1
R
(
XA
∂XB
∂xν
−XB ∂X
A
∂xν
)∣∣∣∣
x=x0
,
and summing over A and B we find
πµ(0) = Gµν (x0, x1)π
ν(τ1) . (47)
Here
Gµν (x0, x1) = −
1
2R2
gµρ(x0)
(
XA
∂XB
∂xρ
−XB ∂X
A
∂xρ
)∣∣∣∣
x=x0
(
XA
∂XB
∂xν
−XB ∂XA
∂xν
)∣∣∣∣
x=x1
,
where
gµν(x) = ηAB
∂XA
∂xµ
∂XB
∂xν
,
is the metric on dS4 in the given coordinates. Formulas (29), (30), (31) and (47) hold
for lightlike particles as well.
As an example, choose the local coordinates xµ = {ct, xi} to be the flat ones:
X(t, xi) =


X0 = R sinh ct
R
+ ~x
2
2R
e
ct
R ,
X i = e
ct
Rxi ,
X4 = R cosh ct
R
− ~x2
2R
e
ct
R .
(48)
If for simplicity we restrict ourselves to the two dimensional case in flat coordinates and
choose x0 = (0, 0) and x1 = (ct, x) we find
Gµν(x0, x1) =
(
1 e2
ct
R
x
R
x
R
e
ct
R cosh ct
R
+ e2
ct
R
x2
2R2
)
. (49)
In particular, consider the case of a photon transmitted from x0 to x1. To express
the momenta in terms of inertial frames at rest in each point with respect to the
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given local coordinates, we introduce the zweibein e0 = cdt, e1 = e
ct
R dx. The inertial
energy-momentum πˆµ has components πˆ0 = π0 and πˆ1 = e
ct
Rπ1. In particular, in x0,
πˆµ(0) = πµ(0) and
πˆ0(0) = πˆ0 + e
ct
R
x
R
πˆ1 , (50)
πˆ1(0) =
x
R
πˆ0 +
(
cosh
ct
R
+ e
ct
R
x2
2R2
)
πˆ1 . (51)
Obviously x1 cannot be any point, but must lie on a lightlike geodesic starting from x0.
It can be easily found putting
πˆ0(0) = πˆ1(0) =
hν0
c
, πˆ0 = πˆ1 =
hν
c
,
in (50) and (51) and solving for x = x(t). This gives
x(t) = R(1− e− ctR ) .
Using this in (50) we finally obtain
ν = e−
ct
R ν0 . (52)
This is the redshift measured by the observer at x1: the photon emitted with frequency
ν0 at x0 is perceived as a photon of frequency ν by the observer at x1.
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4. Energy.
In Einstein’s special relativity the energy of a particle is defined (and measured) relative
to an arbitrary given Lorentz frame, it being the zero component of a four-vector. In
physical terms, a Lorentz frame can be seen as an ideal global network of (free) particles
relatively at rest and carrying clocks that stay forever synchronized. This picture does
not extend to the de Sitter case where frames are defined only locally.
However, the maximal symmetry of the de Sitter universe allows for the energy
of a pointlike particle to be defined relative to just one reference massive free particle
understood conventionally to be at rest (the sharply localized observer). Below we will
compare this definition with the ones obtained in various coordinate patches by a more
standard Lagrangian approach.
The procedure amounts to fixing arbitrarily a timelike reference geodesic (the
geodesic of the particle “at rest”). Let us denote by u and v the future oriented null
vectors which identify such geodesic; the energy of the free particle (9) with respect to
the reference geodesic is defined as follows:
E = E(ξ,η)(u, v) = −
cK(ξ,η)(u, v)
u · v . (53)
We have that E(u,v)(ξ, η) = E(ξ,η)(u, v) which can be interpreted as the symmetry
between the active and passive point of view. In particular, the proper energy is
E(ξ,η)(ξ, η) = mc
2, as it should be. To further elaborate this definition let us choose
an origin Y¯ = Y (0) on the reference geodesic and denote by λ the scalar such that
u · v = 2λ2, v = u − 2λY¯
R
. (54)
As before, fixing λ removes the scale arbitrariness in the choice of u and v and it follows
that
Y (τ) = R
u e
cτ
R − v e− cτR
2λ
= Y¯ e−
cτ
R +
Ru
λ
sinh
cτ
R
(55)
Proper times in (16) and (55) are of course not to be confused. Taking into account
Eqs. (15) and (54) it follows that
E = −mc2 (ξ ∧ η)(u, v)
(ξ · η)(u · v) = −
kc2
λR2
(ξ ∧ X¯)(u, Y¯ ). (56)
Finally, by inserting into this expression Eq. (19) and the analogous relation
λ = − 1
R
(u · Y¯ ) (57)
we get the expression
E = mc2
(u · X¯)(ξ · Y¯ )− (X¯ · Y¯ )(ξ · u)
(ξ · X¯)(u · Y¯ ) , (58)
which is an alternative form of (53).
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We now wish to refer the energy E of the particle to a given coordinate patch.
This can be done as follows. Suppose a local frame (t, xi) has been selected so that the
embedding of dS4 in M
(1,4) is given by XA(P ) = XA(t, ~x); to fix ideas let us perform
this choice so that the event t = 0, ~x = 0 is the ”origin” X0 of the de Sitter manifold.
Then, we define the energy E of a particle relative to the given frame as the energy
of the particle w.r.t. the particle (observer) at rest at the origin, i.e. w.r.t. the reference
geodesic passing through the origin with zero velocity (~x(0) = 0, d~x
dt
(0) = 0). We work
out a few explicit examples.
4.1. Flat coordinates.
The flat coordinate system {t, xi} is defined by (48). In these coordinates the de Sitter
geometry is that of a flat exponentially expanding Friedmann universe:
ds2 = c2dt2 − e2ct/Rδijdxidxj = c2dt2 − a2(t)δijdxidxj . (59)
The reference geodesic (55) through the origin Y (t = 0, xi = 0) = (0, 0, 0, 0, R) with zero
velocity is uniquely associated to the choices Y¯ = (0, 0, 0, 0, R) and u = λ(1, 0, 0, 0, 1).
With such a choice for Y¯ and u, Eq. (58) is explicitly written as follows:
E =
kc2
R
(ξ0X¯4 − ξ4X¯0). (60)
Noting that
ξ =
m
kR
(
X¯ +
R
c
dX(0)
dτ
)
. (61)
and using Eq. (48) we readily find
E = mc2
dt
dτ
− c
R
xipi =
mc2√
1− a2(t)v2
c2
− c
R
xipi (62)
where we have set
vi =
dxi
dt
, pi = −me2ct/Rdx
i
dτ
= − ma
2(t)vi√
1− a2(t)v2
c2
. (63)
In Section 5 we will show that
pi = − 1
a2(t)
pi =
mvi√
1− a2(t)v2
c2
(64)
can be interpreted as the de Sitter version of the linear momentum (in flat coordinates).
In the limit R −→∞, (62) and (64) go over into the usual Minkowskian expressions of
the energy and momentum.
That (62) can be interpreted as the correct de Sitter energy of the particle is
confirmed by noting that it is the conserved quantity associated to the invariance of the
particle action (5) under time translation. Indeed, since in flat coordinates the spatial
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distances dilate in the course of time by the exponential factor e
ct
R , the expression of an
infinitesimal symmetry under time evolution is
t −→ t+ ǫ,
xi −→ xi − c
R
xiǫ. (65)
The action
S = −mc
∫ √
1− e 2ctR v
ivj
c2
δij dt (66)
is invariant under (65) and, by Noether’s theorem, the corresponding constant quantity
is precisely (62).
For a massless particle, using Eq. (20) we find
E = kc3
dt
dσ
− c
R
xipi , (67)
where we have set
pi = −kce2 ctR (dxi/dσ) . (68)
In particular, note that d~x
dt
· d~x
dt
= c2e−2
ct
R . To find the relation between t and σ, we take
the derivative with respect to σ of the relation defining the cosmic time X0+X4 = Re
ct
R ,
and use (21) to obtain
dt
dσ
=
1
c
e−
ct
R (ξ0 + ξ4) . (69)
Inserting this into the expression of the energy we find
E = kc2(ξ0 + ξ4)e−
ct
R − c
R
xipi, pi = −k(ξ0 + ξ4)e ctR dx
i
dt
. (70)
In the flat limit R −→∞ we have E −→ kc2(ξ0+ξ4) so that, if we associate a frequency
to the de Sitter massless particle, we have hν = kc2(ξ0 + ξ4) and finally
E = hνe−
ct
R − c
R
xipi , pi = −hν
c2
e
ct
R
dxi
dt
. (71)
In the limit R −→∞ we obtain the usual Minkowskian expressions
E = hν , ~p =
hν
c
~n . (72)
4.2. Spherical coordinates.
Let {t, ωα}, α = 1, . . . , 4, be such that{
X0 = R sinh ct
R
,
Xα = R cosh ct
R
ωα ,
(73)
where ωαωβδαβ = 1, that is the ω
α is a vector on the sphere S3 of unit radius. Concretely

ω1 = sinχ1 sinχ2 cosχ3
ω2 = sinχ1 sinχ2 sinχ3 ,
ω3 = sinχ1 cosχ2 ,
ω4 = cosχ1
(74)
Conservation laws and scattering for de Sitter classical particles 19
This coordinate system covers the whole de Sitter manifold. The geometry is that of
a closed Friedmann universe undergoing an epoch of exponential contraction which is
followed by an epoch of exponential expansion:
ds2 = c2dt2−R2 cosh2 ct
R
{(
dχ1
)2
+ sin2 χ1
[(
dχ2
)2
+ sin2 χ2
(
dχ3
)2]}
.(75)
The initial point and the lightlike vector identifying the reference geodesic are once
more Y¯ = X0 and u = λ(1, 0, 0, 0, 1), and therefore the energy is again given by Eq.
(60). Expressing ξ in terms of X and dX/dτ it follows that
E = mc2
ω4 − R
2c
v4 sinh 2ct
R√
1− R2
c2
cosh2 ct
R
vαvβδαβ
, (76)
where α, β = 1, 2, 3, 4 and vα = dωα/dt.
Again, expression (76) can be recovered as the conserved quantity associated to a time
translation plus a rescaling of the ω’s that together leave invariant the action
S = −mc2
∫ √
1− R
2
c2
cosh2
ct
R
Ωijwiwj dt , (77)
where dΩ2 = Ωijdχ
idχj and wi = dχ
i
dt
.
4.3. Static (black hole) coordinates.
This is the coordinate system originally introduced by de Sitter in his 1917 paper [34].
It describes a portion of the de Sitter manifold as follows:

X0 = R
√
1− r2
R2
sinh ct
R
,
X i = ri , i = 1, 2, 3 ,
X4 = R
√
1− r2
R2
cosh ct
R
,
(78)
where r2 =
∑3
i=1 r
iri. With these coordinates the metric exhibits a bifurcate Killing
horizon at r = R:
ds2 =
(
1− r
2
R2
)
c2dt2 − dr
2(
1− r2
R2
) − r2(dθ2 + sin2 θdφ2) . (79)
We choose the same origin and reference geodesic as before and find
E = mc2
(
1− r
2
R2
)
1√
1− r2
R2
− (~r·~˙r)2
(R2−r2)c2
− ~˙r·~˙r
c2
. (80)
In these coordinates, the action for a massive free particle is
S = −mc2
∫ √
1− r
2
R2
− (~r · ~˙r)
2
(R2 − r2)c2 −
~˙r · ~˙r
c2
dt . (81)
Here the dot means derivation with respect to t. This action is invariant under time
translations and the associated conserved energy coincides with (80).
We leave it as an exercise to find the analogue of expressions (76) and (80) for massless
particles. As mentioned in the introduction, a fourth example can be found in [16] where
the expression of the energy is given in terms of stereographic coordinates.
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5. A possible definition of momentum.
Whereas, as shown in section 4, the energy of a particle can be defined relative to an
arbitrary fixed reference geodesic, and therefore in a frame independent manner, no
similar characterization can be given for the linear momentum. Instead, a definition of
momentum for a de Sitter particle necessarily requires the selection of some coordinate
system. In Minkowskian relativity energy and momentum are defined as the conserved
quantities associated with the invariance of the action respectively under infinitesimal
inertial time and space translations. In addition, in the de Sitter case, for a class of
reference frames which in the limit R −→ ∞ become inertial, we have seen that the
particle energy arises again as the conserved quantity associated to time translations
(depending on the choice of the particular coordinate system, the latter may or may
not act on the space coordinates as well). Therefore, it is natural to attempt to define
the de Sitter momentum in any such frame as the conserved vector quantity which is
associated with infinitesimal space translations. This requires fixing the origin of the
coordinate system, since, due to the presence of curvature, changing the origin affects
the definition of space translations. Of course, in order for such definition of momentum
to be consistent, one must make sure to recover the usual Minkowskian momentum in
the limit R −→ ∞. Then we search for Lorentz transformations in the embedding
spacetime M(1, 4) which generate spatial translations of the origin, once the latter has
been identified. Specifically, let (t, xi) be local coordinates, XA(t, xi) the embedding
functions and O ≡ XA(0) the origin. We consider the submanifold defined by t = 0.
It defines an hypersurface of dS4 which identifies an osculating hyperplane in O. Any
infinitesimal Lorentz transformation which leaves the osculating plane invariant defines
an infinitesimal translation of O which is transverse to the reference geodesic defining
the energy. As stated above we use such transformations to define the momentum. We
illustrate again the construction for the coordinate systems of section 4.
5.1. Flat coordinates.
In this case, the t = 0 surface defines the osculating plane X0 +X4 = R. The Lorentz
transformations leaving this hyperplane invariant are generated by the infinitesimal
rotations of the form v ∧ vi, where v = (1, 0, 0, 0,−1) and vi = (0, ~ei, 0), where ~ei is the
standard basis of R3. Then the momentum is
pi := K(v, vi) , (82)
which expressed in coordinates gives
pi = −me2 ctR dx
i
dτ
. (83)
This expression coincides with (63) and corresponds to the conserved quantities
associated to the invariance of the action under spatial translations xi 7→ xi + ai. For
a massless particle we should use K˜ in place of K, finding the second of formulas (71)
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as conserved momentum. Note that we have a scale ambiguity in choosing the vectors
vi, v. However such ambiguity can be fixed by requiring to obtain the usual Minkowskian
expression in the R −→ ∞ limit.
5.2. Spherical coordinates.
In spherical coordinates the t = 0 slice correspond to X0 = 0. We have v = (0, 0, 0, 0, 1)
and we can choose vi as before. Then
K(v, vi) = mc
ξ4ηi − η4ξi
ξ · η , (84)
and, in term of the coordinates,
pi = mR cosh
2 ct
R
(
ω4
dωi
dτ
− ωidω4
dτ
)
. (85)
The flat limit leaving the origin invariant can be easily performed and it gives the correct
momentum for Minkowski spacetime.
5.3. Black hole coordinates.
Again the t = 0 slice defines the osculating hyperplane X0 = 0 and K(v, vi) is once
more given by (84). Then
pi =m

√1− r2
R2
dri
dτ
cosh
ct
R
−
√
1− r
2
R2
ri
R
c sinh
ct
R
− 1√
1− r2
R2
ri
R2
3∑
k=1
rk
drk
dτ
cosh
ct
R

 .
(86)
6. Conclusions.
In this paper we have taken the stance that in the absence of gravitation the spacetime
arena in which all physical phenomena take place is the (maximally symmetric) four
dimensional de Sitter manifold dS4. Then, barring discrete spacetime operations
such as space reflection and time reversal, which are not exact symmetries of nature,
the corresponding relativity group is the connected component of SO(1, 4), the (ten
dimensional) de Sitter group. This attitude springs naturally from very basic properties
of all natural phenomena, which so far have never been experimentally contradicted.
To wit, experiments and observations in the whole realms of physics, astrophysics and
cosmology point to the fact that local laws governing natural phenomena do not depend
on time and on the location in space (spacetime homogeneity) and that no direction
in space is privileged compared to any other (isotropy of space). In addition, all
experiments also point to the local validity of the principle of inertia, which states that
no operational meaning whatsoever can be given to a notion of absolute rest (invariance
under boosts). Therefore, the laws of physics should possess a ten parameter invariance
group acting on the four dimensional spacetime continuum, which embodies all above
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symmetries. Working at the Lie algebra level it has been shown by Bacry and Le´vy-
Leblond in a remarkable paper published almost 40 years ago [35] that such a group is
uniquely determined up to two undetermined parameters, a velocity scale (the invariant
speed c) and a length scale (the cosmological constant Λ). The actual values of these
parameters in nature are of course not fixed by the basic symmetries and must be found
experimentally. And, indeed, though limiting values of c and Λ (such as c = 0, ∞ and/or
Λ = 0, ∞) cannot be excluded a priori, it comes as no surprise that the values of c and
Λ determined by the observations are well defined and finite. It would be surprising if
it were otherwise! It is a different (and to some extent metaphysical) question why c
and Λ have the values they have and not others. However we are not concerned with
this problem here.
It is then clear that, if Minkowski space should be replaced by de Sitter space and,
correspondingly, the Poincare´ group by the de Sitter group, one is naturally led to a
reformulation of the theory of special relativity on these grounds [10, 11, 12, 13, 14].
However, compared to the Minkowski case, this task presents certain complications
which are essentially connected with the fact that in the de Sitter case there exists no
class of privileged reference frames as are the Minkowskian inertial ones. Indeed, the
associated coordinate systems of any such hypothetical class of equivalent frames should
respect the basic symmetries of the spacetime manifold. In particular, the homogeneity
requirement would imply the coordinate transformation between any two such equivalent
frames to be affine [36], and this is impossible if the underlying manifold is curved.
Therefore, the absence of a privileged class of equivalent frames suggests that, in de
Sitter relativity, it would be desirable, whenever possible, to characterize significant
physical quantities in an intrinsic way, namely in a manner independent of the choice
of any particular coordinate patch. In this paper we have accomplished this for any
set of independent conserved quantities along the geodesic motion of a free de Sitter
particle and for the overall conservation of the total constants of the motion in any
particle collision. In particular, we have also been able to give an intrinsic definition of
energy of a de Sitter particle, as the energy of any such particle relative to an arbitrary
selected reference particle chosen conventionally to be at rest. In this respect, it is
important to stress that in the same way as there is a unique Lorentzian (i.e. relativistic)
generalization of the kinetic energy of a Galilean (i.e. nonrelativistic ) particle, the de
Sitter energy is the unique de Sitter generalization of the Lorentzian energy, which arises
from the appearance of an intrinsic residual curvature of the spacetime manifold.
We remark that, due to the smallness of Λ, the actual corrections to Einstein’s
special relativity which are brought about by the presence of the cosmological constant,
such as for instance those embodied in formula (47), are utterly tiny at scales of
laboratory experiments performed on earth or in space. Specifically, formulas (50)
and (51) tell us that to first order in 1/R the fourmomentum of a particle traveling a
distance x is altered by a relative amount of the order x/R. In particular, for example,
since R ≃ 1028cm, the order of magnitude of the fractional frequency shift of a photon
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traveling a distance x in the de Sitter universe is
∆ν
ν
≃ 10−25 for x ≃ 10m (87)
and
∆ν
ν
≃ 10−16 for x ≃ 10million km . (88)
The figure ∆π/π ≃ 10−25 would be relevant also for particles produced in a collision in a
particle accelerator such as the Tevatron or LHC since the distance between the collision
point and the detector is typically of the order of a several meters. By comparison, we
recall that in the classical experiment by Pound and Rebka [37, 38, 39] devised to
measure the gravitational shift of a photon falling in the earth’s gravitational field we
have
∆ν
ν
≃ 10−15 (89)
whereas in experiments with atomic clocks which monitor the variation of the
gravitational potential of the sun at the location of the earth between perihelion and
aphelion [40] we have
∆ν
ν
≃ 10−10 . (90)
The precision with which the value of ∆ν/ν has been measured in the Pound and Rebka
experiment is of the order of one percent, whereas values of ∆ν/ν in the range of the
figure of formula (90) in experiments with atomic clocks as are mentioned above are now
tested with a precision of the order of almost one part per million. This shows that,
whereas there is no chance to realistically test formula (47) for Λ in the gravitational
field of the earth, even for falls of thousands of kilometers, comparison of the ticks of
atomic clocks set in suitable eccentric orbits around the sun may in principle be able to
reveal an effect due to Λ in a not too unforeseeable future. Indeed, in such a hypothetical
case, due to the known periodicities it should be possible to filter out the effects from
all other contributions, gravitational and not.
Finally, we remark that while at the present epoch the effects due to Λ are
tangible only at cosmological scales, they might have been essential, even at microscopic
distances, during the period of inflationary expansion in the very early universe, when
the effective de Sitter radius was extremely small (≃ 10−27 − 10−28cm), at which time,
however, quantum effects are expected to have been dominant [41].
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Appendix A
We show in this appendix by constructing an explicit example that the components of
the future oriented lightlike fivevectors ξ and η which identify a given timelike geodesic
are fixed by the assignement of the values of six independent parameters once ξ and
η have been separately normalized according to equation (12) and the selection of the
point of the geodesic corresponding to zero proper time. Precisely, let xµ = {ct, ri} be
a set of local coordinates on dS4 and consider a timelike geodesic passing through ~r0
at time t = 0 with velocity ~v0 = d~r/dt|t=0. Parameterizing the geodesic as in (9) and
choosing a suitable normalization for ξ and η, we can express this vectors in terms of
the initial conditions ~r0 and ~v0. Indeed
X(xµ(t)) = R
ξe
cτ(t)
R − ηe−cτ(t)R√
2ξ · η . (91)
Then, setting t = 0 and assuming τ(0) = 0, we find
X(x0) =
R√
2ξ · η (ξ − η) (92)
and, taking the derivatives with respect to t at t = 0 we get
dX
dt
∣∣∣∣
t=0
= ∂µX(x0)x˙
µ
0 =
c√
2ξ · η (ξ + η)τ˙0 . (93)
Choosing k = m in (12), and solving with respect to ξ and η we find
ξ =
∂µX(x0)v
µ
0
cτ˙0
+
X(x0)
R
,
η =
∂µX(x0)v
µ
0
cτ˙0
− X(x0)
R
, (94)
where v0 = c, vi = x˙i and
cτ˙0 =
√
ds2
dt2
∣∣∣∣∣
t=0
. (95)
The condition ξ · η = 2 and the choice of the initial point X(x0) on the geodesic fixes
the separate normalizations of ξ and η and, as a consequence, formulas (94) express ξ
and η as functions of ~r0 and ~v0.
For example, if we choose static coordinates we have explicitly
ξi =
1
cτ˙0
vi0 +
ri0
R
, (96)
ηi =
1
cτ˙0
vi0 −
ri0
R
, i = 1, 2, 3 (97)
and similar formulas for ξ0, η0, ξ4 and η4, where
τ˙0 =
dτ
dt
∣∣∣∣
t=0
=
√
1− r
2
0
R2
− v
2
0
c2
− (~r0 · ~v0)
2
c2(R2 − r20)
=
mc2
E
(
1− r
2
0
R2
)
. (98)
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Note in particular that ds2 is positive along timelike curves so that setting
~ρ =
1
R
~r , ~β =
1
c
~v , (99)
we have
1− ρ2 − β2 − ρ
2β2 cos2 θ
1− ρ2 > 0 , (100)
where θ is the angle between ~r and ~v (and ~ρ, β and θ are functions of t). Then
β <
1− ρ2√
1− ρ2 sin2 θ
. (101)
In particular for lightlike geodesics we find
β =
1− ρ2√
1− ρ2 sin2 θ
, (102)
so that massless particles have velocities
1− ρ2 ≤ β ≤
√
1− ρ2 , (103)
depending on the angle between the velocity and the position vector.
Appendix B
In one dimension the de Sitter line element in flat coordinates is given by
ds2 = c2dt2 − e 2ctR dx2 = c2dt2 − a2(t)dx2 . (104)
Then, denoting by y the spatial coordinate with respect to which the rigid box has fixed
length 2L, we have
y = xe
ct
R (105)
so that the j-th particle of our classical comoving gas drifts towards one of the walls of
the box according to the equation
yj(t) = y0je
ct
R , y0j = L
j
N
, j = 0,±1,±2, . . . ,±(N − 1) . (106)
Hence the ±(N − 1) − th particle, which is the one initially closest to the right (left)
wall, reaches the latter (and bounces back elastically) at the time
tN−1 =
R
c
log
N
N − 1 (107)
thereby colliding after a while with the ±(N − 2) − th particle, thus starting the
thermalization process through further collisions with the other particles. Now, the
equation of motion of particle j is
y¨j − c
2
R2
yj = 0 (108)
corresponding to a potential
V (y) = −1
2
c2
R2
y2 . (109)
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Therefore, after some transient time the gas virializes itself, eventually reaching a
thermal state at a temperature T given by
1
2
kT = 〈K〉 = m|〈V 〉| = m 1∫ L
−L
ρ(y)dy
∫ L
−L
|V (y)|ρ(y)dy , (110)
where K is the kinetic energy and ρ(y) is the mass density of the gas at equilibrium.
Since our gas is an ideal one its equation of state is
mp(y) = ρ(y)kT . (111)
Then, eliminating the pressure from (111) and the Euler equation
− dV (y)
dy
=
1
ρ(y)
dp(y)
dy
(112)
we get
− dV (y)
dy
=
kT
m
d
dy
log ρ(y) (113)
from which
kT
m
log
ρ(y)
ρ(o)
= |V (y)| = c
2
2R2
y2 . (114)
Hence
ρ(y) = ρ(0)e
mc2
2kTR2
y2 (115)
so that
kT =
mc2
R2
∫ L
−L
dyy2e
mc2
2kTR2
y2
∫ L
−L
dye
mc2
2kTR2
y2
(116)
which can be written as∫ L
R
q
mc2
2kT
0
dww2ew
2
=
1
2
∫ L
R
q
mc2
2kT
0
dwew
2
. (117)
The solution of this equation is
L
R
√
mc2
2kT
= 1.063 (118)
namely
T ≃ mc
2L2
2R2k(1.063)2
≃ mH
2L2
2.26k
. (119)
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